A tm o s p h e r ic o s c illa tio n s a n d th e re s o n a n c e th e o r y The first part of the paper describes the circumstances under which tidal energy supplied to the atmosphere through the action of tide-producing forces can be trapped between a certain stratum (usually where the temperature has a minimum) and the ground. The results are then applied to discuss in general terms the types of free oscillation which an atmosphere with a given temperature distribution may possess. It is pointed out that Kelvin's hypothesis that the atmosphere has a resonance in the neighbourhood of 12 solar hours leads directly to the conclusion that the temperature must fall again to a low value at some level above the hot region inferred from observations of the anomalous propagation of sound.
Many attem pts have been made to determine by mathematical means the behaviour of the atmosphere under the action of tide-producing forces. Earlier writers were obliged by mathematical difficulties to make rather artificial assumptions about the variation of temperature in the atmosphere, although, even if this had not been necessary, lack of experimental knowledge of the atmosphere would have limited progress. As a result of the work of Taylor (1936) and Pekeris (1937) it is now possible to calculate the free and forced oscillations of an atmosphere with an arbitrary vertical distribution of temperature, assumed independent of latitude and longitude, and at the same time more information as to the actual temperature variation in the atmosphere is available from meteorological and other sources. In the present paper we shall first give a physical argument based on the work of Pekeris, whereby the oscillation characteristics of a given atmosphere may be deduced in general terms without elaborate calculations. We shall then consider the oscillation pro perties of the atmosphere in the fight of the various sources of information available as to its temperature and composition, with a view to arriving at a temperature distribution which most nearly meets all the facts. For this purpose use will be made of resonance curves for selected model atmospheres calculated with the aid of a differential analyzer.
P h y s i c a l c o n s i d e r a t i o n s
The action of the gravitational tide-producing force (and, in the case of the sun, of the thermal force) is mainly concentrated near the surface of the earth. The energy thus introduced into the atmosphere is ultimately degraded into random energy as a result of the effects of viscosity and thermal conduction. A consideration of the [ 80 ] order of magnitude of the terms in the equations of motion shows, however, th at both these effects are negligible at low and medium levels and do not in fact become of importance until well into the ionosphere (see Pekeris 1937; Chapman 1924) . The gravitational force excites, in general, a whole series of modes of oscillation of the atmosphere, each mode having a different variation of amplitude with latitude and longitude. If attention is confined to one of these modes, for example, by supposing the exciting force to be such as to excite this particular mode alone, it is possible to form a simple physical picture in terms of trapping of energy.
The energy introduced into the atmosphere by the action of the tide-producing forces is mainly generated near the surface of the earth, where the air density is greatest, and spreads outwards as a kind of spherical wave motion in the atmosphere. This motion is more complicated than in an ordinary sound wave, and involves horizontal as well as vertical motion of the particles of air. I t will be shown later th a t these effects, including the effect of rotation of the earth, are all taken into account if the waves are treated as though they were plane waves travelling in a medium having a refractive index fi given by 1 1 idH y -1 4 ^ h \ dx y
where # is a co-ordinate depending on the height. is a constant which may be re garded as an equivalent depth for the atmosphere,! and more will be said later about its precise meaning; it is sufficient at the moment to remark th at its value depends on the period as well as on the mode of the oscillation under consideration.
I t is now possible to state the conditions under which resonance can occur in the atmosphere. Suppose we neglect absorption for the moment and assume th at at some level fi2 becomes negative and remains negative for all greater heights. Waves being propagated upwards in the manner described above will then be totally reflected, and there will be a barrier to the passage out of the atmosphere of the energy created by the action of the tidal forces, i.e. the energy will be trapped between the barrier and the surface of the earth. If the frequency is suitably adjusted the amplitude will build up and resonance will occur. The resonant frequency will depend on the height of the barrier and the constants of the atmosphere.
If instead of being negative for all heights above a certain level fi2 is negative only between two given heights, above and below which it is positive, the barrier will be partially transparent. We shall suppose that at some height above the barrier the effects of viscosity and thermal conduction become appreciable, and slowly increase in importance as height is increased. Energy leaking through the barrier then passes upwards and is absorbed without reflexion. I t is lost to the part of the atmosphere whose oscillations we are considering, and these oscillations are consequently damped. If the barrier is only slightly transparent, the resonance phenomenon will still be observed; if the barrier is almost wholly transparent the resonance will be so damped as to be unobservable. I t will thus be seen that the degree of damping of a given mode of oscillation of the atmosphere can be estimated from the thickness of the barrier, without any knowledge of the values of the coefficients of viscosity and thermal conduction, which effects are ultimately responsible for absorption of energy, save for the assumption th at they are negligible up to the top of the barrier and thereafter increase slowly so th at absorption takes place without there being any appreciable reflexion.
Before proceeding further we shall provide a mathematical justification for the arguments used in this section.
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Mathematical theory (a) Fundamental equations
Taylor and Pekeris, working from the hydrodynamical equations of motion and the equations of continuity and state of the gases constituting the atmosphere, showed th at the three components of velocity and the pressure could all be expressed in terms of the hydrodynamical divergence y(z, 0, 0) f°r which solutions could be obtained in the form
where z, 6, 0 denote height, colatitude, longitude, respectively, and s is an integer. y(z) and 0(0) satisfy the following differential equations:
where hi s a constant of separation of variables, a and oj are the radius and angular velocity of the earth, / = crl2a) and c = 0(yR is the Equation (4) occurs in the classical tidal theory of oceans (when h is the depth) and Laplace showed th at since 0(0) must be bounded and continuous everywhere cr and h cannot both be chosen arbitrarily. The relationship between them is not unique, there being an infinite number of values of cr corresponding to a given pair of values of h and s. Curves, based on the calculations of Hough (1897 Hough ( , 1898 , showing this relationship for s = 0,1, 2 are given in figure l.f In order to discuss (3) it is convenient to put y = e~*xx,
f H ou gh 's results are not directly applicable, since he considered an ocean com posed o f w ater and m ade allowance for the m utual gravitation of the particles. This effect is inappreciable in the case o f the atm osphere and H ou gh 's results have been corrected accordingly.
H is the local scale height of the atmosphere and is a convenient variable to use instead of temperature. We obtain
effective depth h in km. The expressions for the southward, eastward and vertical components of velocity and the pressure variation are in this notation:
where y> Q is the pressure at the ground and Q is the tide-producing potential. 6-2 K . W eekes a n d M. V . W ilkes
where A" is a constant and ft(6) is a solution of (4) which is bounded and continuous. Pekeris shows th at the solution in the general case can be obtained by taking the sum of an infinite number of solutions of type (2). If the motions represented by (2) are regarded as fundamental modes of oscillation, this is equivalent to saying that, in general, an infinite number of such modes will be excited. For convenience in the general discussion, it will be assumed, unless otherwise stated, th at only one mode is excited at a time. The modes will be denoted by (s, n), where 72--1 is the number of nodes in ijr(O) regarded as a function of cos 6. I t must be remembered th a t the form of ijr(0) depends on cr, so th at as the period is altered, the form of Q must also be altered if only one mode is to be excited. To find the rate of flow of energy in a vertical direction, it is necessary to multiply together the real parts of Ap and w and then take the mean value. I t is easily shown th a t this is equivalent to forming the expression where 0t (or J ) denotes th at the real (or imaginary) part is to be taken and * indicates the conjugate complex. The first term, which arises because work is being done by the tide-producing forces, is negligible except near the ground, so that, with this exception, the rate of flow of energy out of a spherical shell surrounding the earth is proportional to ,
An exact mathematical analogy exists between the motion of the atmosphere expressed in terms of y and x and various other forms of wave m the propagation of plane electromagnetic waves in a medium of refractive index
( 15) depends on the solution of the differential equation
and the rate of flow of energy is proportional to
The coefficients in equation (17) are real, so th at is also a solution of this equation which is identical with equation (8). I t follows th a t a solution of the problem in atmospheric oscillations can be obtained from one for the electric wave problem by taking y to be equal to the conjugate complex of E. The rates of flow of energy in the two problems are then the same (subject to a multiplying constant), and we have a justification for applying physical arguments familiar in dealing with other types of wave motion to the propagation of tidal energy upwards in the atmosphere.
(b) Boundary conditions at high level
The nature of the condition to be satisfied by y at high level follows naturally from the above treatm ent. We require th a t y shall be bounded as x tends to infinity and th at the mean flow energy, if not zero, shall be in an upward direction. For example, if H is constant at high level and if
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y 2 = -~ + ~y^X < 0 ( = " A2, say), the solution of equation (8) which makes y bounded at high level is Ae~Ax, the mean vertical rate of flow of energy being zero. If fi2 > 0, the two solutions are y = Be±l> ix and y is bounded in each case, but only the solution with the upper sign corresponds to an upward flow of energy, as may easily be proved from equation (16).
The conclusion in the last case does not agree with th at reached by Pekeris, who 1 y-lH found th at the choice between the two roots depended on the sign of --+ ---.
We feel th at this result must be rejected, since where it conflicts with the above condition it implies th at energy is being supplied to the system from outside the atmosphere other than through the action of the tide-producing force. Further, if 1 y -1 JJ the period were such that --+ -were just positive, a small decrease in H would cause an abrupt and discontinuous change in the phase of the oscillation, contrary to what would be expected on physical grounds.
(c) Free and forced oscillations In order to find the free periods of the atmosphere it is necessary to put equal to zero and to seek a solution of equation (8) which satisfies both the above conditions at high level and the condition th at the vertical velocity is zero at the ground. Such a solution can only be obtained, if at all, when h has one of a series of eigenvalues which we shall denote by hf .These correspond to doubly infinite se tions, all having the same vertical distribution of pressure, etc., but varying in a different manner with latitude and longitude. The periods corresponding to a given hf can be obtained from figure 1.
Pekeris determined values of hf for a number of atmospheres for which the curve connecting temperature with height was made up of a series of straight lines (the atmosphere shown in figure 2 is of this type). He was able to obtain solutions-in terms of Bessel functions-which were valid in each section and which, by suitable choice of arbitrary constants, could be made continuous at the boundaries with solutions in the adjacent sections. Later in the present paper we give the results of some similar calculations made with the aid of a differential analyzer. Although the application of the differential analyzer is not limited to segmented atmospheres of the type shown in figure 2, we have, nevertheless, found it convenient for most of the work to adopt this type, particularly as we feel th at in the present state of knowledge any more elaborate representation of the temperature variation in the atmosphere is not justified. We have, however, satisfied ourselves by trial th at no peculiar effects arise from the use of this type of atmosphere, for example, from the presence of discontinuities in the temperature gradient.
The case of forced oscillations differs from th a t of free oscillations in th at Q is not zero so that the condition that w vanishes at the ground no longer gives an equation homogeneous in y. This means th at a solution of equation (8), satisfying appropriate conditions both at high level and a t the ground, can be obtained for any arbitrarily assigned value of h and therefore (for a given mode) of the period. The solution is complex, but the real and imaginary parts satisfy the differential equation separately and the whole solution may be obtained by two runs of the differential analyzer.
If solutions for a series of different values of h are obtained and the amplitude of the pressure oscillation at the ground worked out for each, a resonance curve for the atmosphere may be plotted. The same curve can be made to apply to all the different modes of oscillation if different time scales (obtained from figure 1 which gives the period in terms of h) are provided for each mode. I t must be emphasized th at such curves are based on the assumption th at as the period is changed the form of the tide-producing potential Q,as regards variation over the surfac is adjusted so that only the mode under consideration is excited. When applying the results to the atmosphere we are frequently concerned with periods near to a free period; in this case one mode only is excited to an appreciable extent and no difficulty arises. In other cases it may be necessary to take into account more than one mode.
. T h e t e m p e r a t u r e v a r ia t io n w i t h h e i g h t i n t h e a t m o s p h e r e
A fairly complete summary of the experimental facts relating to the temperature distribution in the atmosphere was published by Martyn & Pulley (1936) . In 1939 a discussion on the upper atmosphere took place at a joint meeting of the Chemical Society, the Physical Society and the Royal Meteorological Society, and a number of the references given below are to this discussion. We shall give here a brief outline of the data, particularly in so far as they have altered since these two surveys.
Direct measurements by sounding balloons give the true temperature distribution up to 16km. as a routine m atter and provide data on occasions up to some 30 km. with less certainty. These data show that there is a uniform decrease of temperature from the surface of the earth up to the tropopause (which occurs a t heights varying from 15km. at the equator to 9 km. at the poles) after which the temperature is constant in temperate regions and increases with height in equatorial latitudes; at about 24 km. the temperature appears to be close to 220° K over the whole earth and above this height to be constant or very slowly increasing. Recent observations suggest that there may be appreciable daily variation of the temperature of the stratosphere amounting to as much as 5°K .
Above 30 km. there are no reliable direct measurements of temperature, and all our knowledge of the distribution above this level is obtained by indirect inference based on various observed phenomena. In the majority of these phenomena the quantity which is of importance is the local scale height lcTjmg, where m is the molecular mass. This is also the quantity, H, which occurs in equation (8) governing the oscillations of the atmosphere. If there is complete mixing the scale height will be the same for all atmospheric constituents, but if there is any diffusive separation it will vary for different gases and values deduced may not apply to the main mass of the atmosphere. I t is, however, unlikely that the diffusive separation is appreci able below 100 km. and we will assume th at there is no diffusive separation.
The following is a brief summary of the information available:
(1) Observations of the anomalous propagation of sound to great distances in dicate a rising temperature between about 35 and 50 km. The temperatures deduced are very dependent on the wind velocity at these levels, and this has recently been shown to be great (Johnson 1946) . The early results of Whipple (1935 Whipple ( , 1939 and other workers are unreliable for this reason. More accurate controlled experiments have been carried out by the Meteorological Office, and we are greatly indebted to the Director for facilities to examine the results and to use the most reliable data available for our calculations. These results indicate that the temperature starts to rise at about 35 km. and rises at a rate of about 5°/km. to at least 50 km., at which height the temperature lies between 290 and 350° K, with the lower value more likely. The experiments were all carried out at night.
(2) Budden, Ratcliffe & Wilkes (1939) and Wilkes (1940) have shown that the height of reflexion of very long wireless waves (18-8 km.) is about 70km. and varies with the sun's zenith angle according to the law deduced by assuming that the ionizing radiation is absorbed in an isothermal atmosphere of scale height 6 km., corresponding to a temperature of 205° K. The results indicate, moreover, that the temperature has this value over a range of about 20km. in height.
(3) Regener (1939/40) has pointed out that if it is assumed that the noctilucent clouds, which are occasionally seen at heights of 82 km., are due to volcanic dust there must be a stable region of the atmosphere above this level to prevent the dust being carried to greater heights by convexion. This implies that the temperature must increase with height. The alternative suggestion has been made by Humphreys (1933) that these clouds are composed of ice crystals, and this would require a tem perature minimum of 180 to 200° K at 82 km. However, this hypothesis appears to be less likely than the former one.
(4) The behaviour of meteors provides some data on the density of the relevant levels of the atmosphere. The data have recently been surveyed by F. L. Whipple (1943) and discussed by him in relation to the temperature distribution suggested by Martyn & Pulley. He finds th at his results are best fitted by a distribution in which the temperature in the neighbourhood of 70 to 90 km. is considerably higher than is suggested by the results quoted above, the best fit being obtained by assuming a temperature of 255° K. I t is not clear, however, how much weight can be attached to this evidence.
(5) Studies of E region of the ionosphere indicate th at the scale height at about 100 km. is 11km., corresponding to a temperature of 375° K ). There are, however, certain unresolved difficulties in the interpretation of the results which prevent reliance being placed on this figure. Estimates of the frequency of collisions between electrons and neutral molecules may also be obtained from radio observations, but unfortunately it is not possible to deduce a reliable value for the pressure from these estimates, since the electron temperature and collision cross-section are not known with sufficient precision; the best values available may be in error by a factor of 3 or 4. For what they are worth the pressures come out to be 1-75 x 10_4mm. (0*23 microbar) at 120km. and 2-7 x 10~4mm. (0*35 microbar) at 90 km.
(6) Vegard (1932) has studied the distribution of intensity of the lines in certain band spectra of nitrogen during an aurora. This distribution is governed by the temperature of the gas, and from his data he has deduced a temperature of about 240° K for the region from 90 to 120 km. These results would give an effective tem perature of 300° K if all the oxygen were in atomic form. Rosseland (1933 Rosseland ( , 1936 considered th at Vegard's original results were incorrectly adjusted for the low resolving power of the spectrometer used and recalculated the result as 346° K. Subsequent observations by Vegard & Tonsberg (1941) confirm the original results, but the theory is not sufficiently clear to allow the figure to be asserted definitely. In particular, the fact th a t the aurora is excited by fast-moving particles and is far from being in thermal equilibrium makes the validity of the deductions uncertain.
(7) Radio observations of the F region suggest th at the temperature above 300 km. may be very high, of the order of 1000° K (Appleton 1935) . However, mea surements of the width of the green line of atomic oxygen in the light of the night sky (Vegard 1937 )-which line apparently has its origin a t about 300 to 500 km.-do not show the broadening th at would be expected if the temperature were of this order. I t is possible th at the day and night temperatures are widely different.
It will be seen that, although the various lines of evidence considered above combine to throw some light on the temperature variation in the atmosphere, no unambiguous conclusions concerning the temperature at the higher levels can be drawn. The procedure we have adopted is to take a probable temperature distri bution up to 60 km. based on the considerations outlined and then to study the oscillation properties of the atmosphere when various special types of temperature distribution above 60 km. are assumed. In most cases we assume th at at high level the temperature is rather high, but in view of the onset of viscosity and conductivity damping above about 150 km. the details of the temperature distribution above this level are relatively unimportant.
Observational data relating to the oscillation of the atmosphere
The solar semi-diurnal variation of the barometer is much larger than the corre sponding lunar variation, and this fact led Laplace (1823) f° conclude th at the solar variation was due to thermal rather than gravitational action. Kelvin (1882) pointed out th a t on this hypothesis one would expect the diurnal component to be greater than the semi-diurnal component, which, however, is not the case; he there fore suggested th at the semi-diurnal oscillation is magnified by resonance, the atmosphere having a free period of approximately half a solar day. I f there is appreciable resonance the gravitational action of the sun may also be important (Lamb 1910), but Chapman (1924) has shown th at it eannot be the sole cause of the oscillation. If the gravitational and thermal effects are assumed to be equal in im portance the magnification over the equilibrium tide is about 70. A piece of evidence which may bear on the m atter is the fact th at there does not appear to be any appreciable amplification of the partial tide with a period of half a sidereal day which is present in the tide-generating potential with an amplitude of about a quarter of that of the solar semi-diurnal potential.
The lunar semi-diurnal barometric oscillation has been determined at a number of stations, largely through the efforts of Chapman who has given a summary of the results (Chapman 1939 ). Its amplitude is about 6 x 10_2mm. (80 microbars) at the equator, i.e. nearly three times the equilibrium tide. I t varies somewhat throughout the year, the most remarkable feature being a retardation of phase in both hemi spheres by about 1 hr. in December compared with June. In general the lunar variation is less regularly distributed over the surface of the earth and more subject to variations.
Some information with regard to the oscillations of the atmosphere at great heights is provided by a study of the magnetic quiet day variations which may be inter preted, on the Balfour Stewart dynamo theory, as being due to the motion of the conducting air of the ionosphere across the vertical component of the earth's magnetic field. The magnitude of the effect depends on the product of the ionization and the horizontal velocity of the air and an integrated value for this product may be deduced from the observations. The results indicate that the air movements are almost exactly out of phase with those at the ground. Pekeris (1937) showed that this result is in accord with expectations based on the theory of atmospheric oscillations.
In a number of details (e.g. sunspot cycle and seasonal variations) the behaviour of the lunar and solar quiet day magnetic variations are rather different, and this suggests that the currents causing the two variations flow predominantly at different levels (Chapman & Bartels 1940 ). This would imply a different variation of hori zontal velocity with height in the lunar and solar atmospheric oscillations. Appleton & Weekes (1939) have made accurate measurements of the height of region E of the ionosphere and have found th at it shows a lunar semi-diurnal variation of 0-9 km. in phase with the pressure variation at the ground. If these results are interpreted on the present theories of the ionosphere they imply th at the pressure oscillation in region E is in phase with th at a t the ground, in apparent contradiction to the results deduced from the magnetic data if the currents are taken to flow in E region, and in contradiction to the results of Pekeris's work referred to above. We shall return to this subject later.
F r e e p e r i o d s o f t h e a t m o s p h e r e
In this section we propose to discuss the free oscillations of the atmosphere in general terms, making use of the physical ideas outlined in § 2 and the observational data summarized in the last section.
We have seen that a necessary condition for the existence of a free oscillation is th at energy should be trapped between the surface of the earth and a stratum in the atmosphere where ft2 (defined by equation (1)) is negative. Since /i2 involves the period only through the equivalent depth h, free periods occur in doubly infinite sets, all the members of which correspond to the same value of A value of h which gives rise to a set of free periods is denoted by hf .
/i2 can become negative on account of a low value of T, a negative temperature gradient or a combination of these two effects; in practice this usually implies the existence of a temperature minimum. The position is somewhat complicated by the fact that fi2 depends also on h,which (for a given mode of osc the period increases, so th at a given temperature minimum in the atmosphere becomes less effective as a barrier as the period is increased.
The isothermal part of the strat osphere acts as a barrier for values of h greater than 7-4 km., while the troposphere, where the temperature is falling rapidly with height, acts as a barrier for values of h as low as 3 km. Pekeris showed by numerical calcula tions that there is one (and only one) set of free periods corresponding to trapping of energy by these regions, the value of hf being 10-4 km. None of these free periods correspond to the period of any known tide-producing force; in particular, th at of the (2, 2) mode is about 10*5 hr., which is well removed from the 12 hr. required by the resonance theory. I t is found, however, th at hf -104 km. is in accordance with the value calculated from the velocity of long air waves by means of the formula V2 = ghf (Taylor 1929 (Taylor , 1932 (Taylor , 1936 Pekeris 1939) . The lower stratosphere is a highly effective barrier for values of h near 10km. and very little energy penetrates above 30 km. Since the temperature up to this height is known by direct observation, it follows that the value of 10-4 km. obtained for hf is independent of any speculation as to the temperature variation in the high atmosphere.
The above considerations show th at in order to meet the requirements of the resonance theory it is necessary to assume the existence of a second set of free periods (one of which must be near 12 solar hours), and this implies the existence of another barrier at higher level than the stratosphere and separated from it by a free region. The free region is provided by the hot region inferred from the results on the anoma lous propagation of sound and in order for a barrier to exist it follows th at the atmosphere must become cold again at, say, 80 km. or higher. This conclusion was reached by Pekeris by considering special numerical cases; we see now, on general grounds, th at it is an essential requirement for the existence of a second set of free periods and hence for the. truth of the resonance theory. Pekeris further demon strated th at there is no difficulty in adjusting the ' cold top ' so th at the atmosphere resonates in a (2,2) mode with a period of approximately 12 hr. The existence of a cold region in the atmosphere at about 80 km. is in accordance with other evidence summarized in § 4 (2) and (3).
Pekeris found th a t the above mode of oscillation was such th at y cha/nged sign at a certain height; the same was true of (dy/dx) -\y to which quantity the pressure variation is proportional. No mode of oscillation in which y does not change sign and in which reflexion takes place at the upper barrier occurs since the corre sponding value of h would be large enough for the stratosphere itself to act as a. barrier. Further, if the barrier is at about 80 km. no modes in which y has two or more nodes exist since, unless it is assumed that the temperature at high level is unreasonably low, the barrier soon becomes transparent as h is reduced. If a further set of free oscillations is required it is necessary to assume the existence of yet another and higher barrier. A solution for y having two nodes at different heights can then be obtained. We shall again refer to this possibility when discussing the lunar and solar semi-diurnal oscillations.
. T h e r e s o n a n c e c h a r a c t e r is t ic s o f s im p l e m o d e l a t m o s p h e r e s (a) Introduction
As a preliminary to more extensive investigations the differential analyzer was first used to obtain the values of hf for the atmospher This is a revised version of one given by Martyn & Pulley (1936) . The values of hf found were 10*2 and 8-8 km. The first is in sufficient agreement with that deduced from the velocity of long air waves, but the second is well removed from the value of 8 km. required by the resonance theory. It would thus appear that Martyn & Pulley's atmosphere is not, as it stands, consistent with the resonance theory. In investigating what modifications are necessary we have, as pointed out in §3, thought it sufficient to consider only atmospheres with a segmented temperature distribution.
The calculations may be divided into three groups. In the first by taking the simplest possible model of the atmosphere and by ignoring certain of the indications concerning the temperature at high level summarized in § 4 an attem pt is made to determine what restrictions are placed on the possible temperature variation in the atmosphere by the existence of sets of free periods corresponding to values of hf approximately equal to 10 and 8 km.
K . W eekes a n d M. V . W ilkes Secondly, the relation between the thickness of the barrier (which as pointed out above, determines the effective damping) and the amplitude of the oscillation near resonance is investigated.
Thirdly, there is a discussion of the temperature distribution in the E region with special reference to the difficulties raised by the observations of Appleton & Weekes on lunar tides.
(6) The free periods of some simple models
In this subsection an atmosphere of the type shown in figure 2 will be considered. I t has an isothermal ' top ' of sufficiently lo w temperature for to be negative for values of h greater than about 8 km. in which ease there is a complete barrier to the passage of energy upwards. For reference purposes table 1 gives the values of h above which p 2 is negative for different values of T. For any particular mode the values of /i-may be converted into periods by means of figure 1. For the purpose of the present calculations the temperature in the atmosphere up to 30 km. was taken to agree with th at given by observation and the various 'to p s' which would make the atmosphere as a whole have a value of hf equal to 8-0km. were studied. The value of hf -10-4 km. is mainly determined by conditions in the atmosphere very low down and is little affected when the temperature above 30 km. is changed.
In one set of calculations the temperature gradients above and below the maxi mum a t about 60 km. were kept constant while the actual temperature at the maximum and the thickness of the hot region were altered. I t was found th at any atmosphere whose temperature variation was given by a curve like A B C D E F G in figure 2-where the point E lies on the dotted curve-satisfied the requirements of the resonance theory in th at it had free oscillations with hf equal to 8-0 and 10*4 km.
In figure 2 the temperature gradients above and below the maximum are taken to be 9f°K /km . and 5|° K/km. respectively. If instead the rate of rise is taken to be 13° K/km. starting from 35 km. instead of 30 km. the resulting dotted curve is found to be nearly parallel to th at shown in figure 2, but moved down 4 km. in height. A higher temperature for the isothermal top reduces the width of the tem perature maximum by about 1 km. for 10° K change in temperature. The temperature of the isothermal portion FG must, of course, be less than 240° K in order to ensure that there shall be a barrier;
The above calculations have been carried out for an atmosphere having a tem perature variation in the stratosphere similar to th at observed in temperate latitudes. Over a considerable part of the earth however (including the tropics where the gravitational tide-producing force has its maximum value), the temperature variation is rather different (see §4). We have, therefore, repeated the calculations described above for a series of atmospheres in which the temperature variation is given by curves like A B X Y C D E F G (figure 2). We find th at in each case the effect on the free oscillation for which hf -8-0 km. is very small an by a very slight shift in the temperature at the 60 km. level; the actual change is of the order of 0*2 %. The effect on the oscillation for which hf -10-4 km. is rather larger, equivalent to a 1 % change in hf ; this, however, is within the basic accuracy of the theory. Calculations have also shown that alterations in the temperature of the strato sphere by ± 10° K have only a small effect on the 8-0 km. mode, and do not alter the form of the vertical distribution of pressure variation in the oscillation to an appreci able extent. The case in which the stratosphere temperature changes with latitude and longitude cannot be treated by present methods, but the results recorded in this section suggest th at the effect of allowing for this variation would be small.
(c) Atmospheric resonance curves
We have so far considered an atmosphere bounded above by a perfect barrier so th at the amplitude of the oscillation at resonance is infinitely great. I t has been pointed out in § 2 that if the temperature rises again higher, up the barrier will be partially transparent and energy will leak through, to be finally absorbed $t high level where the effects of viscosity and thermal conduction become important. The action of the barrier is due partly to the region of falling temperature above 53 km. and partly to the isothermal region; in the case of the widest barriers, these contributions are approximately equal. A rough measure of the effectiveness of a barrier is given by the value of the quantity J / taken over the barrier region; the results indicate that for an amplification of 70 this must have a value of about 2*2. Figure 4 shows the resonance curve for the deepest barrier plotted over a wider range of h. The scale of period in hours is for the (2,2) mode and the ordinate scale gives the value for this oscillation of 10 log 10dp at the ground, where Ajp is measured in mm. Q is taken as IT x 104 c.g.s. units, which is the value of the solar semi-diurnal gravitational potential.
(d)
The solar and lunar oscillations The vertical distribution of pressure variation for the atmosphere 4 in figure 2 for two particular values of h, corresponding in the (2,2) mode to periods equal to The point is illustrated numerically in figure 3, which shows resonance curves calculated for a number of atmospheres differing only ih the height at which the rise begins to take place. I t will be seen that the higher this is, i.e. the thicker the barrier, the sharper is the resonance. As with other resonant systems, the skirts of the resonance curve are affected to a comparatively small extent by the amount of damping present r I60r
o a u the solar and lunar half days respectively, is shown in figure 5 . This diagram shows the phase reversal a t about 3 0 km. and the magnified amplitude at,high level, features to which attention was first drawn by Pekeris. The two curves are very similar, although the magnification at 100 km. is rather less for the lunar than for the solar period. Further calculations have shown th at the phase of the oscillation above the barrier (where this is not modified by absorption) is rather dependent on 0-095 0100 the exact form assumed for the temperature variation, but is similar for the two oscillations. It would thus appear to be difficult with an atmosphere of the type under consideration to account for the different behaviours of the solar and lunar quiet day variations referred to above.
It has been pointed out in § 2 that the experimental observations of Appleton & Weekes, who observed a lunar atmospheric tide at the level of the E region in phase with the tide at the ground, are in direct contradiction to the calculations made by Pekeris. This objection we do not consider a serious one for the following reasons.
In general a large number of different types of oscillation of the atmosphere are excited by a gi ven tide-producing force. In the case of the sun one of these resonates and its contribution to the whole motion outweighs that of the others. I t is then legitimate to base the discussion on calculation for this type of oscillation alone. This is not necessarily the case for the moon, and the effect of taking into account the various other oscillations which may be excited to an appreciable degree may well modify the result considerably. Although the theory is adequate to cover this case, the necessary calculations have not been made. The fact th at the amplitude and phase of the lunar oscillation varies somewhat more irregularly over the surface of the earth than does the solar oscillation may be taken as confirming the supposition th a t several different modes are excited, though it must be admitted th at the two varia tions are nevertheless of the same general form. A more complete discussion would also take into account the effect of the change of level of the earth's surface due to earth and ocean tides. This may be done by modifying the boundary condition w = 0 at the ground. I t may be expected th a t the lunar semi-diurnal atmospheric tide will be affected to a greater degree than the solar one (Chapman, Pramanik & Topping 1931) .
Apart, however, from the consideration mentioned in the last paragraph, the calculations given by Pekeris (and those considered so far in this paper) are based on the assumption th at the temperature in the region is independent of height. If instead a hot E region with a falling temperature above is assumed, quite different results are obtained. Any assumption about the temperature variation in the E region is, of course, highly speculative, but it is to be noted th at there is nothing unreasonable in the suggestion th a t there is a temperature maximum in the E region in view of the amount of solar energy being absorbed there.
The effect of having a falling temperature above a hot region is to give rise to a further barrier which may if suitably adjusted trap energy which penetrates the two lower barriers. I t introduces the possibility of a third set of free periods corre sponding to a third eigenvalue of h. The results of some calculations made for such an E region are shown in figures 6 and 7. I t will be seen th a t the solar oscillation will Atmospheric oscillations and the resonance theory still be out of phase with that at the ground, while that for the moon will be in phase. Actual curves for the variation of pressure with height are given in figure 6. It will be seen th at the curves for the solar and lunar cases are very different, and there would therefore be no difficulty in explaining the differences in the solar and lunar quiet day magnetic variations referred to in § 2. The atmosphere shown in figure 6 was chosen in order to show that there is no difficulty in reconciling Appleton & Weekes' experimental result with theory, and must not be taken as representing a firm suggestion for the temperature in the E region. Calculations for other atmospheres of a similar type have yielded results of the same kind.
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The numerical results given in this paper were obtained on the differential analyzer in the Mathematical Laboratory, Cambridge, and we are indebted to Mr J. Hensher for his assistance in operating the machine. One of us (K.W.) held a Senior Award from the Department of Scientific and Industrial Research. From consideration of the asymmetry at high altitudes it seems likely that the primary radiation consists of protons and electrons (equally positive and negative) in the ratio of about one proton to four electrons.
P r e f a c e
Most of the work on which this paper is based was carried out in 1939 but was not presented for publication owing to the pressure of wartime duties. Although there have been considerable advances since 1939, both in the theory and experimental data relating to the process of meson formation, no generally accepted picture has emerged so far.
In the investigation, made in 1939, an attem pt was made to determine what information about the production of the meson component can be obtained by considering the experimental data on the geomagnetic effects. The analysis was not * Now at the Dublin Institute for Advanced Studies.
7-2
